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Abstract

Understanding the internal workings of transformers is a major
challenge in deep learning; while these models achieve
state-of-the-art performance, their multi-layer architectures
operate as "black boxes," obscuring the principles that guide their
information processing pathways. To address this, we used
Optimal Transport (OT) to analyze the geometric transformations
of representations between layers in both trained and untrained
transformer models. By treating layer activations as empirical
distributions, we computed layer-to-layer OT distances to quantify
the extent of geometric rearrangement, complementing this with
representation entropy measurements to track information content.
Our results show that trained models exhibit a structured,
three-phase information processing strategy
(encode-refine-decode), characterized by an information
bottleneck. This is evident from a U-shaped OT distance profile,
where high initial costs give way to a low-cost "refinement" phase
before a final, high-cost projection to the output layer. This
structure is entirely absent in untrained models, which instead
show chaotic, uniformly high-cost transformations. We conclude
that OT provides a powerful tool for revealing the learned, efficient
information pathways in neural networks, demonstrating that
learning is not merely about fitting data, but about creating an
organized, information-theoretically efficient pipeline to process
representations.
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1. Introduction

The proliferation of large-scale transformer models has marked a paradigm shift in
artificial intellicence, enabling unprecedented capabilities in natural language
processing and beyond. Yet, as these models grow in size and complexity, their
internal decision-making processes become increasingly opaque. They are often
treated as "black boxes,” where the relationship between their architecture and
their emergent reasoning capabilities remains poorly understood. This lack of
interpretability is not merely an academic curiosity; it poses a significant challenge
to deploying these systems safely and reliably. Without a principled understanding
of how a model arrives at an answer, we cannot fully trust its outputs, diagnose its
failures, or guard against unforeseen biases. The central objective of our research is
to move beyond performance metrics and develop a methodology to illuminate the
internal information processing pathways of these models.

This paper proposes a novel approach to this problem by analyzing the model's
operations through a geometric lens, using the mathematical framework of Optimal
Transport (OT). We posit that the collection of activation vectors at any given
layer of a transformer can be viewed as an empirical sample from a
high-dimensional probability distribution—a snapshot of the information as it exists
at that stage. Consequently, the function of each subsequent layer is to transform
this distribution into a new one. Optimal Transport provides a powerful and
sensitive "ruler” to measure the geometric cost of this transformation, quantifying
the "work" required to reshape one layer's representation distribution into the next.
This method offers a far more nuanced view than simpler metrics like Euclidean or
Cosine distance, which fail to capture the collective, structural changes in the data.

Our core contribution is an empirical study that uses this OT-based methodology to
contrast the behavior of a fully trained transformer with that of a randomly
initialized, untrained model of the identical architecture. By feeding both models the
same data and tracking the layer-wise OT distance and representation entropy, we
can isolate and characterize the precise structural changes that emerge as a direct
result of learning. This comparative analysis serves as a controlled experiment to
answer a fundamental question: What is the geometric signature of a learned,
effective representation strategy?

For this specific research work we have used GPT-2 style transformer models and
the GSM8K dataset.

Apart Research Hackathon Submission 2



2. Motivations

We draw an analogy between the process of learning in a neural network and
fundamental principles in physics, such as self-organization and the principle of
least action. An untrained network can be viewed as a high-entropy, disordered
system. We hypothesize that the process of learning is analogous to a physical
system finding a low-energy, ordered state. The trained network, therefore, should
follow a path of "least informational action” to transform inputs into outputs
efficiently. Optimal Transport provides the exact mathematical tool to test this
hypothesis. It allows us to quantify the "work" done by each layer by measuring the
cost of reshaping the entire distribution of activations, offering a holistic, geometric
perspective that is lost when analyzing individual neurons.

Without a clear understanding of a model's internal reasoning process, we cannot
reliably predict its behavior in novel scenarios, diagnose its failures, or prevent it
from generating harmful outputs. Our work aims to make these internal
computations more transparent, which is a foundational step toward building more
robust and auditable Al

3. Proposed Research

3.1 Optimal Transport: A Geometric Ruler for Representations

To understand the layer-by-layer transformations within a neural network, we
require a tool that can measure the "distance” between two sets of high-dimensional
points. While standard metrics like Euclidean or Cosine distance can measure the
change in individual vectors, they fail to capture the collective, structural change of
the entire distribution of representations. For this, we turn to Optimal Transport

(0T).
3.1.1 Theoretical Background

Optimal Transport originates from the problem of finding the most efficient way to
transport a pile of earth, with a certain shape, into a hole of a different shape. In a
probabilistic setting, it provides a principled way to measure the distance between
two probability distributions, and Q. The core idea is to find a "transport plan,”
denoted by vy, that specifies how to move the "mass” of distribution P to match
distribution Q while minimizing a total transportation cost.

The modern formulation, known as the Kantorovich problem, defines the set of all
valid transport plans, I1(P,Q), as all joint probability distributions whose marginals
are P and Q. The cost of moving a unit of mass from a point x to a point y is given
by a cost function, c¢(x,y). For our purposes, we use the squared Euclidean distance,

clz,y) = |l - H@, as it corresponds to the physical notion of "work.” The squared
2-Wasserstein distance is then defined as the minimum possible cost over all valid
transport plans: Wi (P, Q) = infenp,g) frauge |2 — vl dyvla, v)
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The value W, gives a true metric distance between the distributions, capturing their

geometric differences in a way that is sensitive to the underlying structure of the
space.

3.1.2 The Need for Regularization: Sinkhorn Distance

While theoretically elegant, computing the exact Wasserstein distance is
computationally expensive and suffers from statistical issues (the "curse of
dimensionality”) when applied to empirical samples in high dimensions, as is the
case with neural network activations. To overcome this, we use entropie
regularization. This approach adds a penalty term based on the entropy of the
transport plan, H(y), to the optimization problem:

OT.(P,Q) = min. - pg {l:f__,- ¥iiClij EH{‘r':l}

Here, C is the cost matrix where Cire = [lzj — me |§, and £>0 is the regularization
parameter. This regularization smooths the problem, making it strictly convex and
solvable with a highly efficient, iterative algorithm known as the Sinkhorn-Knopp
algorithm, or simply Sinkhorn's algorithm. We utilize the Python Optimal
Transport (POT) library for this computation. The resulting value is often referred
to as the Sinkhorn distance. This method is not only faster but also statistically
more robust for high-dimensional data, making it the ideal choice for our analysis.

3.1.3 Calculating Representation Distance with OT
In our research, we apply this framework as follows:

1. Form Empirical Distributions: For any two layers, L, and L., wepassa

1
batch of data through the model and collect the sets of activation vectors,
{1 mad from Ly, {yn,. oo ymd from Ligy | These form our two
empirical distributions, Pn and Qm.

2. Compute the Cost Matrix: We compute a cost matrix C of size nXm, where

each entry Cit = ||z — well} is the squared Huclidean distance between an
activation vector from the source layer and one from the target layer.

3. Calculate Sinkhorn Distance: We use the Sinkhorn algorithm with the cost
matrix C and uniform probability vectors for our empirical distributions to
compute the regularized OT cost. This final value is the "OT Distance”
reported in our plots, representing the geometric work done by the network
to transform the representation from layer Ll, to Li+1'

4. We repeat this process for all adjacent layer pairs.

5. We ran this analysis at different stages of training, on an untrained model

and a fully trained one, to see how learnability affects the signal geometry.

3.2 Research Findings and Analysis

Our empirical investigation, centered on a comparative analysis of a trained versus
an untrained transformer model, reveals a distinct and quantifiable "signature of
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learning.” By applying our Optimal Transport-based framework, we can move
beyond simple accuracy metrics to observe the emergence of a sophisticated and
efficient information processing strategy.

3.2.1 The Learned Strategy of the Trained Model

The trained model exhibits a highly structured and non-uniform geometric pathway
across its layers. This is most clearly visualized in the plot of adjacent-layer OT
distances, which reveals a distinct U-shaped profile. We identify three functional
phases:

1. Encoding Phase (Initial Layers): The model performs its most significant
geometric transformations in the initial layers. The OT distance is highest
between initial layers, indicating a massive initial projection from the raw
input embedding space into the model's internal representational geometry.
This cost rapidly decreases, suggesting a swift consolidation of key
features.

2. Refinement Phase (Middle Layers): Following the initial encoding, the
model enters a long, stable phase characterized by remarkably low OT
distances. In these middle layers, the model is not making large-scale
changes but is instead performing subtle refinements on an already-formed
representation. This suggests a period of iterative processing where
abstract concepts are composed and manipulated with minimal geometric
"work."

3. Decoding Phase (Final Layers): The pathway culminates in a final,
dramatic spike in OT distance. The transformation into the final layer is the
most geometrically significant of all, indicating that this layer has a
specialized function: to project the final, abstract internal representation
into the target output space.

This three-phase strategy is explained by the model's handling of information
entropy. Our analysis shows that the trained model learns to create an information
bottleneck. The representation entropy follows a corresponding U-shaped curve,
dropping sharply to a minimum in the middle layers before rising again at the
output. This low-entropy state aligns perfectly with the low-cost refinement phase,
demonstrating that the model learns to compress information into an efficient,
essential representation to perform its core reasoning.

3.2.2 The Random Walk of the Untrained Model

In stark contrast, the untrained model displays no such strategic organization. Its
layer-wise OT distances are uniformly high and erratic, with no discernible phases.
Each layer performs a large, costly, and seemingly random geometric
transformation on its input. The concept of a low-cost refinement phase is entirely
absent. Similarly, its entropy profile shows no evidence of a learned information
bottleneck; after an initial random collapse, the entropy steadily increases,
indicating an accumulation of noise rather than a structured processing of
information. The geometric pathway of the untrained model is best described as a
"random walk," lacking the purpose and efficiency that emerges through training.
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OT Distances with Phase Transitions
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Figure 1 — OT Distances with Phase Transition (Learned Model)
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Figure 2 — OT Distances with Phase Transition (Unlearned Model)
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Entropy Comparison
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Figure 3 - The Emergence of the Information Bottleneck. A comparison of
layer-wise representation entropy reveals that the trained model (blue) learns to
compress information into a low-entropy state for refinement. In contrast, the
untrained model (red) remains in a state of high disorder, demonstrating that the
bottleneck is a learned, not inherent, property of the architecture.

4. Discussion and Conclusion

Our investigation into the internal geometry of transformer models has revealed a
distinct and quantifiable "signature of learning.” By employing Optimal Transport
as a geometric ruler, we have shown that a trained transformer organizes its
internal operations into a highly efficient, three-phase processing pipeline: a
high-cost initial encoding, a long, low-cost refinement phase, and a final, high-cost
decoding projection. The mechanism enabling this strategy is a learned information
bottleneck, where the model compresses representations into a low-entropy state
for efficient manipulation. This structured pathway stands in stark contrast to the
behavior of an untrained model, which exhibits only a chaotic, high-cost "random
walk" through its layers. This confirms that the efficient processing strategy is not
an inherent property of the architecture but an emergent phenomenon of learning.

The central conclusion of this work is that learning in a deep neural network is
synonymous with self-organization into an information-theoretically efficient
system. The model does not merely learn to map inputs to correct outputs; it learns
an economical pathway to do so, minimizing the "work" required to transform
information. This physics-inspired perspective, viewing learning as a transition
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from a high-entropy, disordered state to a low-energy, structured one, provides a
powerful new lens for interpreting these complex systems.

This research opens several promising avenues for future inquiry. A key open
question is the universality of this learned structure. Does the U-shaped OT profile
appear across different architectures (e.g., Vision Transformers) and on different
task modalities? Finally, correlating the specific properties of this geometric
pathway - such as the depth of the information bottleneck - with final task
performance could provide new insights into what makes certain models more
effective than others, guiding the design of future architectures.
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6. Appendix

A) OT Distance Comparison
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B) Trained Vs Untrained Model Statistics
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C) Layer Statistics Comparison
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